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Abstract

We propose fixed point theorems for some contraction mappings in quasi ab-metric space.
Especially. the sufficient conditions to obtain an existence and uniqueness of fixed point on
certain contraction mappings. The quasi ab-metric space is extension of quasi b-metric space.

1. Introduction
We know that b-metric space was expressed by Bakhtin in 1989 [1], then Czewick in 1993 applied it
for his study on contraction mappmgs m the b-metric space [2|. However, many authors used the b-
metric space for existence and uniqueness of fixed point on several contraction mappings [3, 4, 5] and
developed tEBJb-metric space to become quasi b-metric space. Most of authors used the quasi b-metric
space as a dislocated quasi b-metric space, and used it on fixed pont theorems for several contraction
mappings [6. 7, 8, 9]. While, quasi ab-metric space was developed from quasi b-metric space, with
modifying triangular inequality condition of quasi b-metric. This work is motivated by the results on
fixed point for contraction mappings in b-metric space, especially in creating of sufficient condition
for existence and uniqueness of fixed point in the quasi ab-metric space [10].

For showing some properties of quasi ab-metric space for fixed point on contraction mapping, it is
needed some notions as follows.

2. Preliminarie s

Definition 2.1. [1,2] Let X beﬁnonempty set an# =l

Letd : X x X — [0, ®) be and forall x,y,2 EX the following conditions are satisfied:
(1) d(x,y) =d(y,x) =0if and only if x =y,

(2) d(x,y) = d?',x),
(3) d(x,y) < b(d(x,2) +d(z,y)).

Then d is called as b-metricon X and (X,d) is called as b-metric space. And (X,d) is called as quasi b-
metric space if only (1), (3) hold.

Definition 2.2.[10] Let X' be a nonempty set, 0<a <landb =1
Let th){ x X' — [0, w) be a mapping which satisfying the conditions:
@ d(x,y) =d(y,x) =0if and onlyif x =y;
e (2) d(x,y) < ad(y,x) +§b(d(x,z) +d(z,y)) forall x,y,z € X (D
5

Then d is called as a quasi ab-metric on X and (X.d) is called as a quasi ab-metric space.
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Example 2.4.[10] Let X = {0,1,2}. Defined d: X x X = R* as follows d(0,0) =d(1,1) =d(2,2) =
d(02)=d(2,1)=0,d(1,0) =4,d(2,0) =1,d(0,1) = 2, and d(1,2) = 3. It shows that d is quasi
ab-metric with @ = é and b = 4, because 2 = d(0,1) < %d(l.{}) +2(d(0,2) +d(21)), but 2 =
d(0,1) > ¢(d(0,2) + d(2,1)) foreveryc 2 1, so d is not quasi b-metric.

It shows that quasi ab-metric space 1s not necessarily a quasi bﬁletric_

2 2
Example 2.5. [10) Let X = R and defined d: X x X » R* as d(x,y) = {2" 5“ z ;’;‘t Y

For the first condition of quasi ab-metric is obvious fromabove definition of function d(x,y), and for
the second condition, we can show that

Forx # vy, and everyz € X, we have
d(x) = 2x% +y2 <222+ 2% + 327 = 2 (22 +x2) + ((2x2 + 22) + (22% + y2))

- % " % (G 2) + d@y)
Sowe obtain d(x,y) = >d(y,x) +2 (d(x, 2) +d(z,y))

1
Hence d is a quasi ab-metric with & = = andb = 2.

Definition 2.6.[10] Let (X,d) be a quasi ab-metric space, a sequence {x,.} in (X,d) is called
convergentto x € X y’éﬂtod(xn,x) = Till_‘rgod(x, Xn) =0, we write i{t_{g Xp =X

Definition 2.7.[10] Let {x,} be a sequence in quasi ab-metric space (X,d). {x,} is called Cauchy
sequernce {fn%rfmd(xn, X ) = ,i‘_’?}od(xm'xn) =0

Definition 2.8. Let (X, d) be a quasi ab-metric space, (X,d) is called complete if every Cauchy
sequence in X is convergentin X .

Definition 2.9. Let X be a nonempty set and let T be a selfmapping onX, x € X is called a fixed point
of T, if Tx =x. And forevery x € X be defined TT" 1x = T"x with Tx = x

For proving next theorems in mam results, we need sufficient conditions that a se quence to be a
Cauchy sequence in quasi ab-metric space as follows

Theorem 2.10.[10] Let (X,d) be a quasi ab-metric space with 0 < a <1landb =1, and {x,} be a
sequence 'ﬁ‘( satisfving the conditions as follows:

L. d@xneq) < ad (—1,%,) , where 0 < a < 1;
2. d(Xpe1Xn) < cd(Xp,Xpo1), where 0< ¢ < 1;
3. ba+g’<landbc+a’<1.

Then {x,} is a Cauchy sequence in X

3. Main Results

Some properties of existence and uniqueness of §gd point n quasi ab-metric space are shown on
some theorems for certain contraction mappings as follows.

2
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Theorem 3.1. Let“’, d) be a quasi ab-metric space with0 < a < landb > 1.
Then for every x,y, 2z € X hol

1) d(x,y) < B [(d(x,2) +d(z ) + a(d(y,z) +d(z, x))]

2(1-a?)
2) dx,y) +d(yx) < z(1b-a) d(x,z) +d(z y) + d(y.2z) + d(z,x))

Proof. For every x,¥, z € X, and from (1) we have

dlx,y) <ad(y,x)+ %b (d@x2) +d(z, )

IA

ala d(x, + %b (do,2) + d(z,x))) + % b(d(x,z) +d(z,9))

= a?d(xy) + %ab (d(y,z) + d(z,x)) +%b (d(x,z) + d(z.y))
Thus,
d(xy) <557 [&(ﬁz) +d(z) +a(d@.2) +d(z,0)] @
Furthermore, from (1) we have
d@y,») < 52— (A0, 2) + A ) +a(dGx2) +d(y,0)] 3)

2(1-a2)
'l'her%)re from (2) and (3) we obtain

22 B
d(x,y) +d(y,x) < 20 oD [+ a)(dx,2) +d(zy) + 1+ a)(d(y, 2) + d(z,x))]

1+a)b
- 2((1_'——2)_2) [(dx. 2) +d(z ) + (dG, 2) + d(z,0))]

= —zub_a) (@@ 2) + dz ) + (dG,2) + @ )]

It implies that part 2) is true

2
Theorem 3.2. Let (X,d) be a complete quasi ab-metric space with0 < @ < landb =1 T:X -
X be a continuous mapping which satisfving the conditions

pq d(xTx)d(Ty,y)
d(Tx, T}’) B p d(x,Tx)+qd(Tyy)+r )

Bpreveryx,y€X, 0<p<1,0<q<1r>0bp+a’<landbg+a®<1
Then there exists a unigue fixed point of T in X.

Proof. First, we will show that T has a fixed point in X. Taken xq € X and made a sequence {x,,}
where x; = Txpand x,,.1 = Tx,forn = 0,1,2, ... Then using (4) we get
pq d(n-1,%n) d(Xns1,X0n)
= <
d(xwxm-l) d(Txn_].'Txn) Tp d(xn—i'xn) +q d(xn+1'xn)+r
rq d(xn—l-xn) d(xn+l:xn)
q d(Xns1,%n)

= pd(xn—l-xn)

So we have
d(xwxn+1) < pd(x?t—llxn) (5)
With similarly way and using (5) we get
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pq d(xy,xp41) d(Xp,x5-1)
pdCenx,g8 +q dlxp,xn-1)+7
pq d(XpXne1) d(Xp Xp-1)
<
P d(xru x‘.“l'l-l)

d(xy41, %) = d(Txy,Txyq) <

So we have
d(Xn Xn1) < q d(Xp Xn-1) (6)
S(m)m (5) and (6) we obtain that
d(ns1Xn) < pdXn-1,%7).
Ay, Xne1) < qd(xp,Xn-1)
Since bp + a? <1, bq + a@? < 1, and according to Theorem 2.10, then we conclude that {x, }is a
Cauchy sequence m X, Smce X complete then there exists x™ € X such that r!l_{'l;lg Xp=Xx".
Since T continuous on .Y, then
Tx* =T ligm x,, = lim Tx,, = lim x,,,; =x"
mn n=oo n—oo

Hence, x* is the fixed point of 7'

To show the unnleness of fixed point of 7, we suppose that there exists y* € X such that Ty* =
v*. Then from (4), we have

pqdx,Tx)d(Ty y")
pdx*,Tx* )+ qd(Ty",y")+r
_ pqd(x*,x*)d(y*,y*)

Tpdxtx)+qdyty) +r
=0

This implies d(x*,y*) = 0. And using similarly way we have d(y*,x*) = 0. So we obtain

x* "
Thus T has a unique fixed point in X

dl,y) =d(Tx",Ty") <

Theorem 3.3. Let(X, d) be a complete quasi ab — metric spacewith 0 < a < ldanb > 1. Let
T: X = X be a continuous function satisfies the conditions
d(Tx,Ty) < min{pd(x, Tx),q d(Ty,y)} @)
Poreveryx,y€X, 0<p<1l0<qg<l bpta?<1l,bg+a?<1.
ThenT has a unique fixed pointin X.

Proof. Takenxy €X . x; =Txgand x4 = Tx,forn=0,1,2, ... .

So {x,,}1s a sequence in X. then using (7) @e obtain

d(xp, xXp41) = d(Txp-1,Txp) < min{p d (Xp—1,%,),9 d(Xp41, %)} < p A1, %)
So we have 4
d(p Xne1) = p d(xp—1, %) ®
Once again, we use condition (7) then we obt{
A1, X0) = d(Tx, T 1) < minfp d (X, X3,41),q d (0 X 0-1)} < q d (X, X0—1)
So we have (4]
d(Xns1.20) < q dxp Xp—1) 9
[om (8) and (9) , since p+ a? <1, bq +a? <1 and using Theorem 2.10,thus we have {x;}is a
Cauchy sequence i Y. Since X complete, thus we have x* € X such that 111_{{.10 Xp =x"

And since T continuous i X, then we obtain

Tx =T ?li_?;‘ox“ =,{‘_{§, Tx, =1}i_’rg, Xpeg =X".
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Hence x* is the fixed pomtff§ T.
To show x* as an unique fixed point of T', we suppose there exists y* € X such that Ty* = y*.
From condition (7) we can obtain
d(x*,y*) = d(Tx*,Ty*) < min{p @k*,Tx*),q d(Ty",y")}

=min{p d(x",x").q A"y}

=0
This mplies d(x*,y*) = 0. Similarly we have also d(y*,x*) = 0. This mplies that
X' =
Thus %’f‘gs aunique fixed pont n X
Theorem 3.4. Let (X, d) be a complete quasi ab-metric space with0 <o <1landb =1 Let T: X =
X be a continuous function satisfies corfglitions as follows
d(Tx,Ty) < kd(x,y) +d(Tx,y)d(x,Ty)d(x,Tx) (10)

Borevery x,y € X, where 0 <k < Land bk + a® < 1.
Then there exists an element in X as a unique fixed point of T.

Proof. Let xg € X and x; = Txy and x4 = Tx, forn = 0,1,2, ... , then {x,,} is a sequence in .\
From condition (10) we obtain
d(xp Xne1) zuTxn—llTxn) %

S k d(xn_—lrxn) + d(Tm-lrxn) d(xn—lJTxn) d(xn—llTxn—l

=k d(xn—l:xn) + d(xnrxn) d(xn—len+1) d(xn—lnxn)

= kd(xp-1,%n)

So, we have m
d(XnXne1) < k d(xp-1,%0) (11)

And then once again we use condition (10), so we get
d(XpinXxn) =d(Tx,,Tx_q)

< kdQepxn_1)+ d(Txy, xp-1) d 6, Txpoy) dn Txy)

=k d(xn- xn—l) + d(xn+l-xn—1) d(xn-xn) d(xn-Txn+1)

=k d(xn-xn—l)
So. we have 9]
d(xpy1%n) < Kk d(p,Xn-1) (12)
And from using (11) and (12) we olifain
dXp Xne1) S k d(Xp_1,%,) and d,01, %) < k d (X, X0 1)
Since 0 < k <1, bk + a* < 1and using Theorem 2.10, this implies that {x,}is a Cauchy sequence
mX.
Since X' is a complete quasi ab-metric space, then there exists x* € X such that rll_l:tnlo Xp=x"
Since T continuous on X then
Tx* = Tﬂ'&xn :,],H‘;)Tx“ :Ili_,n; Xppr =X"
show the uniqueness of fixed pomt of 7. it can be shown as follows
Ee Suppose that there exists y* € X such that Ty* = y*. From condition (10) we obtain
d(x*,y*) =d(Tx*Ty*) <kd*,y) + d(Tx*,y*)d(x* Ty*) d(x*, Tx*)

=kdxy )+ dlx,y)dx®,y) dlx,x*)
Then we have
d(x*,y") < kd(x,y") (13)
Since 0 < k < 1 and from (13gthen it is possible if d(x*,y*) = 0.
Similarly, using (10) we can have
diy*,x") <kd(y",x") (14)

And since 0 < k < 1 and from (14) then is possible if d(y*,x*) = 0.




The 2nd International Conference on Science (ICOS) IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 979 (2018) 012068 doi: 10.1088/1742-6596/979/1/012068

So we have (x*,y*) = d(y*,x*) = 0, it concludes that x* = y*. Thus T has a unique fixed point in
X
o
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